SPRING 2010 McNaABB GDCTM CONTEST
LEVEL I SOLUTIONS

1. Three pomegranates and one pineapple weigh as much as sixteen plums. Four plums and one
pomegranate weight as much as one pineapple. How many pomegranates weigh as much as 3
pineapples?

(A)5 (B) 6 (C) 7 (D)9 (E) 11
Solution: (C) Let the plums be numeraire, that is, assign plum equal to one. Let a
pomegranate weigh x and a pineapple weigh y. Solve the system 3x +y = 16, 4 + x = y, for

example, by substitution. We get 3x +4+ x = 16 or x = 3. Then y = 7. So three pineapples
weigh 21 and it takes 7 pomegranates to weigh as much.

2. What is the area of the quadrilateral in the coordinate plane with vertices whose coordinates
are (in order): (0,0), (7,1), (4,4), and (2,11)?

(A)30 (B)31 (C)315 (D)32  (E)33

Solution: (A) This can be done with the shoestring method. Setting up the determinants
by going counterclockwise around the quadrilateral gives for the area
28444 -4 -8
2

= 60/2 = 30

3. Ronald has an unlimited number of 5 cent and 7 cent stamps. What is the largest amount of
postage (in cents) that he cannot make with these stamps?

(A)16  (B)22 (C)23 (D)79  (E) 99

Solution: (C) Notice that 24, 25, 26, and 27 cent postage can all be made by Ronald.
Once 4 in a row are established like this, all higher amounts of postage is possible, simply by
adding the right number of 4 cent stamps. Since 23 cents of postage cannot be made, 23 is
then the largest such amount.

4. A rectangle with unequal sides is placed in a square so that
each vertex of the rectangle lies on a side of the square at a
trisection point of that side as shown. What is the fraction
of the area of the square that is covered by the rectangle?

(A)1/3  (B)7/18 (C)4/9  (D)1/2  (E)5/9

Solution: (C) Suppose the sides of the square have length 3. The two smaller triangles
outside the rectangle can be glued together to form a square of area 1. Likewise the two
larger triangles can be glued to form a square of area 4. Subtraction from the area of the
large square shows the rectangle has area 4. Thus the rectangle covers 4/9 of the square.
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. The area of a triangle with sides of length 13, 14, and 15 is closest to

(A) 84 (B) 86 (C) 88 (D) 90 (E) 92

Solution: (A) Use Heron’s formula. The semiperimeter s equals 21, so the area squared
is 21(21 — 13)(21 — 14)(21 — 15) =21-8-7-6 =T7%-3? - 4% The area is 7-3 -4 = 84.

. If f(x) is a linear function for which f(8) — f(1) = 11, then f(41) — f(6) is equal to

(A) 61 (B) 55 (C) 49 (D) 43 (E) 37

Solution: (B) From the first equation the slope of the line must be 11/7. Therefore
f(41) — f(6) = (11/7)(41 — 6) = (11/7)35 = 11 - 5 = 55.

. The surface area of a large spherical balloon is doubled. By what factor is the volume of the
balloon increased?

(A)8 (B4 (O)22 (D)VQI  (E)2

Solution: (C) Since the surface area of the sphere is proportional to the square of the
radius, then the radius had gone up by a factor of v/2. As volume is proportional to the cube
of the radius, the volume has gone up by a factor of (v/2)? = 2v/2.

. Find the distance between the point with coordinates (14, —2) and the line with equation
3z — 4y = 0.

(A) 4 (B) 4V2 (C) 5v2 (D) 8 (E) 10

Solution: (E) The point of the line closest to (14, —2) is the foot of the perpendicular
from (14, —2) dropped onto the line. This perpendicular has slope —4/3. Performing a run
of —3 and a rise of 4 twice from the starting point of (14, —2) gives the point (8,6). This is
indeed on the line 3z — 4y = 0 so the point (8,6) is this closest point. The distance between
(8,6) and (14, —2) is equal to v/62 + 8 = 10.

. Zeke cycles steadily for 36 miles. If he had managed to go 3 mph faster, he would have taken
one hour less for the trip. What was Zeke’s actual speed in mph during this trip?

(A)9 (B) 12 (C) 15 (D) 18 (E) 21
Solution: (A) Let x be Zeke’s actual speed and = + 3 the supposed speed. Then since

time equals distance divided by speed we have

36_ 36
T r+3

Solving this equation yields x = 9.
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10.

11.

12.

13.

14.

A circle is inscribed in @drilateral ABCD as marked.
Find the length of side DA. D

(A)23 (B)24 (C)25 (D) 26 (E) 27 17

27 21

Solution: (A) From the equality of tangents to a circle one can show that AB + CD =
BC+ AD or 27+ 17 =21+ AD. Thus AD = 44 — 21 = 23.

How many lines of symmetry does a cube have?
(A) 4 (B) 7 (C) 10 (D) 12 (E) 13

Solution: (E) There are three such lines joining the centers of opposite faces, four joining
opposite vertices, and six joining the midpoints of opposite edges.

In AABC, let D be the intersection point of the bisector of ZABC and the bisector of ZBC A.
If ZOAB is 70 degrees, what is the measure of ZC'DB in degrees?

(A)35  (B)55 (C) 105 (D) 125 (E) 140

Solution: (D) The angle measures of ZA and ZB must sum of 180 — 70 or 110. So in
ABCD the two angles at B and C' must add to 55. Thus ZCDB = 180 — 55 = 125.

A set of seven distinct positive integers has a mean of 13. Find the difference between the
greatest possible median of these integers and the least possible median of these integers.

(A)12  (B) 13 (C)14  (D)15  (E) 16

Solution: (D) The sum of all seven integers is 91. The least possible median of 4 comes
about from the set {1,2,3,4,5,6,70}. The greatest possible median of 19 occurs in the
set {1,2,3,19,20,21,25}, among others. The number 20 cannot be the median as then the
smallest possible sum would be 142+ 3+ 20+ 21 422+ 23 = 92. The answer is 19 —4 = 15.

A line L in the coordinate plane has slope —2. Suppose the triangle with vertices given by
the origin, the z-intercept of L, and the y-intercept of L has area 9. Then an equation for L
could be

(A)2z4+y=0 B)2r+y=14 (C) 2z4+y=6
(D) 2z +y=3 (E)2z+y=—6

Solution: (E) Because the slope of the line has absolute value 2, then this right triangle
must have legs of length a and 2a. Thus (1/2)a(2a) = a* = 9 so that a = 3 or a = —3. If
a = 3, then the line does not match any of the equations given. So a = —3 does and leads to
2z +y = —6.
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15.

16.

17.

18.

Each vertex of a cube is randomly colored red or blue with each color being equally likely.
What is the probability that every pair of adjacent vertices have different colors?

(A)0  (B)1/128  (C)1/64  (D)1/32  (E)1/2

Solution: (B) Consider a particular vertex of the cube. It does not matter which one
or which color it is. Then the three vertices that are connected by an edge with this chose
vertex must have opposite color to it. That happens with probabiltiy 1/2% or 1/8. These three
newly colored vertices force 3 more vertices to be colored the same as the original vertex. This
happens with probability 1/8. Finally the last vertex is colored opposite those just determined,
with probability 1/2. So the final probability of all this happening is (1/8)(1/8)(1/2) = 1/128.

A semicircle lies in AEFG with diameter contained in EG, and with EF and GF both
tangent to it. If EF =12, FG = 15, and EG = 18, what is the value of EC' where C' is the
center of the semicircle?

(A)6  (B)65 (C)7  (D)75  (E)S

Solution: (E) Note that FC is an angle bisector of /EFG. Let x = EC with then
GC = 18 — z. By the Angle Bisector Theorem, x/12 = (18 — x)/15, showing that = = 8 is
correct.

A 4 inch by 4 inch square board is subdivided into sixteen 1 inch by 1 inch squares in the
usual way. Four of the smaller squares are to be painted white, four black, four red, and four
blue. In how many different ways can this be done if each row and each column of smaller
squares must have one square of each color in it? (The board is nailed down: it can not be
rotated or flipped).

(A)576  (B)864  (C) 1152 (D) 1200  (E) 1600

Solution: (A) Let (7, ) stand for the small square in the ith row and jth column. There
are 4! or 24 ways to color the first row. There are 3 ways to select the color for (2,1). Withoug
loss of generality we can assume that the color that went in (2,1) is the same as the color
that went in (1,4). There arise two cases depending on the color for (2,4).

Case L. Color (2,4) the same as (1,1). Then the colors for the remaining squares of row 2 are
determined. For coloring (3, 1) and (3, 2) there are 2 ways. This choice forces the color choices
in the remaining squares of column 4. Likewise there are two choices for the last 2 squares
of column 2, which force the choices for the last two squares of column three. Counting the
previous choices Case I gives 4! -3 -2 -2 or 288 choices.

Case II. Color (2,4) the same as either (1,2) or (2,2). This gives 2 choices and forces the
colors for the remaining squares of row 2. For the last two squares of the first column there
are 2 choices. One can check that this last choice forces the remaining 6 squares. So Case
IT gives altogether 288 choices as well, though it does not seem obvious why this should be
so. I would be interested in an argument of why it must be so if it must be so. (What would
happen if it where a 5 by 5 square with 5 colors? Is it also the square of 5!77)

Adding our two disjoint cases together we obtain 288 4 288 or 576 = 242.

In acute AABC, the altitude from A meets side BC' at point D, the altitude from B meets
side AC at point F, and the altitude from C meets side AB at point F. All three altitudes
are concurrent at point H lying inside AABC'. If ZBAC measures 58 degrees, then find the
measure of ZBHC' in degrees.
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19.

20.

(A)90  (B)98  (C)104 (D) 116 (E) 122
Solution: (E) By the Exterior Angle Theorem used twice,

/BHC = /BHD + /CHD
— (LHAB + ZABH) + (LHAC + ZCAH)
= (LHAB + ZHAC) + (LABE + LCAF)
= /BAC + (90 — ZBAC) + (90 — ZBAC)
— 180 — ZBAC = 180 — 58 = 122

In how many ways can five distinct books be arranged in a bookcase with 3 shelves, each shelf
capable of holding all five books?

(A)19  (B)120 (C)360  (D)&40  (E) 2520

Solution: (E) First we count the number of ways to assign how many books each shelf
gets. To the five books, add two dividers to distinguish the shelves, giving, we imagine, 7
blanks in a row. By choosing two of the blanks to be dividers (so the remaining blanks become
books) we determine how many books go on each shelf. This can be done in (;) or 21 ways.
Next we can assign particular books to each of the five spots just determined in 5! or 120

ways. The total count of ways to arrange the books in the bookcase becomes 21 - 120 or 2520.

Semicircles are drawn on two sides of square ABCD as

shown. Point F is the center of the square, and points p
@, A, and P are collinear with QA = 4 and AP = 16.
Find QF. A

(A) 12 (B) 102 (C) 10v3 o
(D) 15 (E) 20

Solution: (B) Complete semicircle APB into circle APBE. Then ZABE = 45° because
E is the center of square ABC'D. But inscribed ZQPFE intercepts the same arc as does
inscribed ZABFE in this circle. So the two inscribed angles are congruent, giving ZQPE = 45°.
Likewise, ZPQFE = 45°. As AQPFE is now seen to be an isosceles right triangle it follows
quickly that a leg QF must have length 20/v/2 or 10v/2.
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SPRING 2010 McNaABB GDCTM CONTEST
LEVEL II SOLUTIONS

. What is the area of the quadrilateral in the coordinate plane with vertices whose coordinates
are (in order): (0,0), (7,1), (4,4), and (2,11)7

(A)30 (B)31 (C)315 (D)32  (E)33

Solution: (A) This can be done with the shoestring method. Setting up the determinants
by going counterclockwise around the quadrilateral gives for the area
28+44—-4-38
2

= 60/2 = 30

. Ronald has an unlimited number of 5 cent and 7 cent stamps. What is the largest amount of
postage (in cents) that he cannot make with these stamps?

(A)16 (B)22 (C)23 (D)79  (E)99

Solution: (C) Notice that 24, 25, 26, and 27 cent postage can all be made by Ronald.
Once 4 in a row are established like this, all higher amounts of postage is possible, simply by
adding the right number of 4 cent stamps. Since 23 cents of postage cannot be made, 23 is
then the largest such amount.

. Find the distance between the point with coordinates (14, —2) and the line with equation
3z — 4y = 0.

(A) 4 (B) 4V/2 (C) 5v/2 (D) 8 (E) 10

Solution: (E) The point of the line closest to (14, —2) is the foot of the perpendicular
from (14, —2) dropped onto the line. This perpendicular has slope —4/3. Performing a run
of —3 and a rise of 4 twice from the starting point of (14, —2) gives the point (8,6). This is
indeed on the line 3z — 4y = 0 so the point (8,6) is this closest point. The distance between
(8,6) and (14, —2) is equal to /62 + 8 = 10.

. Zeke cycles steadily for 36 miles. If he had managed to go 3 mph faster, he would have taken
one hour less for the trip. What was Zeke’s actual speed in mph during this trip?

(A)9 (B)12 (C)15 (D)18  (E)21

Solution: (A) Let x be Zeke’s actual speed and = + 3 the supposed speed. Then since
time equals distance divided by speed we have

36 36

r x+3

Solving this equation yields x = 9.
. How many lines of symmetry does a cube have?
(A) 4 B) 7 (C) 10 (D) 12 (E) 13

Solution: (E) There are three such lines joining the centers of opposite faces, four joining
opposite vertices, and six joining the midpoints of opposite edges.
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6. In AABC, let D be the intersection point of the bisector of ZABC' and the bisector of ZBC'A.
If ZOAB is 70 degrees, what is the measure of ZC'DB in degrees?

(A)35  (B)55 (C) 105 (D) 125 (E) 140

Solution: (D) The angle measures of ZA and ZB must sum of 180 — 70 or 110. So in
ABCD the two angles at B and C' must add to 55. Thus ZCDB = 180 — 55 = 125.
7. Hezy eats y yogurts every d days. How many yogurts does he eat in w weeks?

Tyd

w

@I ® ©f Oy (®

Solution: (A) In w weeks there are 7w/d blocks of d days, each block contributing y
yogurts.

8. In throwing four fair cubical dice, what is the probability of obtaining two distinct doubles?
5 7 1 5 3
A) — B) — C) - D) — E) -
AW B ©: O ()

Solution: (A) There are (g) ways of choosing which 2 numbers will appear as doubles,
then (;l) ways of choosing which dice get which of those numbers. Multiply theses quantities,
then divide by 6 to find the probability.

9. A set of seven distinct positive integers has a mean of 13. Find the difference between the
greatest possible median of these integers and the least possible median of these integers.

(A)12  (B) 13 (C)14  (D)15  (E) 16

Solution: (D) The sum of all seven integers is 91. The least possible median of 4 comes
about from the set {1,2,3,4,5,6,70}. The greatest possible median of 19 occurs in the
set {1,2,3,19,20,21,25}, among others. The number 20 cannot be the median as then the
smallest possible sum would be 142+ 3+ 20+ 21 422+ 23 = 92. The answer is 19 —4 = 15.

10. The parabola y = ax? + bx + ¢ passes through the points (—2,3), (2, —1), and (6,12). The
value of the coefficient a equals

(A)1/4  (B) 3/16 (C)5/16 (D) 17/32 (E) 1/2

Solution: (D) Note that we can write y = ki (z+2)(x—2)+ka(x—2)(2—6)+k3(x+2)(z—6)
and solve for the values of k;. We obtain ky = 3/8, ks = 3/32 and k3 = 1/16. Thus
a:k1+k2+k3: 17/32

11. The centroid of a triangle is the point of concurrence of its medians. In the x — y plane point
A has coordinates (0,0), point B has coordinates (5, 15), and point C' has coordinates (13,9).
The line p passes through the point B and the centroid of AABC. Another point on line p is

(A) (6.9  (B)(12-2)  (O)(T1) (D) (0,43)  (B)(—4,—4)
Solution: (C) The coordinates of the centroid are the arithmetical average (mean) of the

coordinates of the three vertices. So G = ((0+5+13)/3,(0+15+9)) = (6,8). So the line p
has slope —7 and equation 7z +y = 50. Then (7, 1) lies on line p while the others do not.
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12.

13.

14.

15.

If sinz + cos x = a, then sin 2z equals
(A) 2a (B) a®* -1 (C)1—a? (D) a*+1 (E) (a—1)?

Solution: (B) Square both sides and use the Pythagorean identity and the double angle
identity for sine.

A line L in the coordinate plane has slope —2. Suppose the triangle with vertices given by
the origin, the z-intercept of L, and the y-intercept of L has area 9. Then an equation for L
could be

(A)2z4+y=0 B)2z+y=4 (C) 2z+y=6
(D) 2z4+y=3 (E) 22 +y=—6

Solution: (E) Because the slope of the line has absolute value 2, then this right triangle
must have legs of length a and 2a. Thus (1/2)a(2a) = a®* = 9 so that a = 3 or a = —3. If
a = 3, then the line does not match any of the equations given. So a = —3 does and leads to
2v +y = —0.

A 4 inch by 4 inch square board is subdivided into sixteen 1 inch by 1 inch squares in the
usual way. Four of the smaller squares are to be painted white, four black, four red, and four
blue. In how many different ways can this be done if each row and each column of smaller
squares must have one square of each color in it? (The board is nailed down: it can not be
rotated or flipped).

(A)576  (B)864  (C) 1152 (D) 1200  (E) 1600

Solution: (A) Let (7, ) stand for the small square in the ith row and jth column. There
are 4! or 24 ways to color the first row. There are 3 ways to select the color for (2,1). Withoug
loss of generality we can assume that the color that went in (2,1) is the same as the color
that went in (1,4). There arise two cases depending on the color for (2,4).

Case L. Color (2,4) the same as (1,1). Then the colors for the remaining squares of row 2 are
determined. For coloring (3, 1) and (3, 2) there are 2 ways. This choice forces the color choices
in the remaining squares of column 4. Likewise there are two choices for the last 2 squares
of column 2, which force the choices for the last two squares of column three. Counting the
previous choices Case I gives 4! -3 -2 -2 or 288 choices.

Case II. Color (2,4) the same as either (1,2) or (2,2). This gives 2 choices and forces the
colors for the remaining squares of row 2. For the last two squares of the first column there
are 2 choices. One can check that this last choice forces the remaining 6 squares. So Case
IT gives altogether 288 choices as well, though it does not seem obvious why this should be
so. I would be interested in an argument of why it must be so if it must be so. (What would
happen if it where a 5 by 5 square with 5 colors? Is it also the square of 5!77)

Adding our two disjoint cases together we obtain 288 4 288 or 576 = 242.

In acute AABC, the altitude from A meets side BC' at point D, the altitude from B meets
side AC' at point F, and the altitude from C meets side AB at point F. All three altitudes
are concurrent at point H lying inside AABC'. If ZBAC measures 58 degrees, then find the
measure of ZBHC' in degrees.

(A)90  (B)98  (C)104 (D) 116 (E) 122
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16.

17.

18.

Solution: (E) By the Exterior Angle Theorem used twice,

/BHC = /BHD + /CHD
= (LHAB + ZABH) + (LHAC + ZCAH)
= (LHAB + ZHAC) + (LABE + /CAF)
= /BAC + (90 — ZBAC) + (90 — ZBAC)
— 180 — ZBAC = 180 — 58 = 122

In how many ways can five distinct books be arranged in a bookcase with 3 shelves, each shelf
capable of holding all five books?

(A)19  (B)120  (C)360  (D)840  (E) 2520

Solution: (E) First we count the number of ways to assign how many books each shelf
gets. To the five books, add two dividers to distinguish the shelves, giving, we imagine, 7
blanks in a row. By choosing two of the blanks to be dividers (so the remaining blanks become
books) we determine how many books go on each shelf. This can be done in (;) or 21 ways.
Next we can assign particular books to each of the five spots just determined in 5! or 120
ways. The total count of ways to arrange the books in the bookcase becomes 21 - 120 or 2520.

Two ferries start at the same instant from opposite banks of a river. They travel directly
across the river. Each boat keeps its own constant speed, though one boat is faster than the
other. In this first trip across they pass at a point 720 yards from the nearer bank. When
reaching the opposite shore each boat remains exactly 10 minutes in its dock before heading
back the other way. On this trip back the boats meet 400 yards from the other shore. How
wide is the river (in yards)?

(A) 1040  (B) 1120 (C) 1520 (D) 1600 (E) 1760

Solution: (E) Let x be the distance the faster ferrie travels from its first departure until
it meets the slower ferry coming the other way. At this point both ferries are 720 yards from
the nearer shore, which is where the slower ferry must have departed. As the speeds of the
ferries remain constant the ratio of the distances they travel in an equal time must remain
the same. By drawing a careful diagram you can determine that from their first meeting
until their second the faster ferry has travelled at total of x 4+ 320 + 720 while the slower has
travelled at total of x + 400. Thus
r x4+ 320+ 720
720 x+400

Thus 2? — 320z — 720(720 + 320) = (x — (720 + 320))(z + 720) = 0. Since z > 0 we must
have x = 720 + 320 = 1040. The width of the river is = 4+ 720 = 1040 4 720 = 1760. There is
a simpler way to do this problem. Try to find it! This problem was created in the nineteenth
century by Sam Lloyd, the great American problem poser.

If p and ¢ are integers and
P1logyne 5 + qlogyyy 2 = 3

then determine the value of p 4 q.
(A) 10 (B) 12 (C) 15 (D) 18 (E) 20

Solution: (C) The left hand side of the given equation can be written as logyy,(57-27) while
the right hand side can be written logyg, 2003. It follows from this that 57 - 2¢ = 200% = 55 - 2°
sop=6and¢=9. Andp+q=6+9=15.
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20.

Semicircles are drawn on two sides of square ABCD as

shown. Point F is the center of the square, and points p
@, A, and P are collinear with QA = 4 and AP = 16.
Find QF. A
(A) 12 (B) 102  (C) 103 0 B
(D) 15 (E) 20
E
D C

Solution: (B) Complete semicircle APB into circle APBE. Then ZABE = 45° because
E is the center of square ABC'D. But inscribed ZQPFE intercepts the same arc as does
inscribed ZABFE in this circle. So the two inscribed angles are congruent, giving ZQPE = 45°.
Likewise, ZPQFE = 45°. As AQPFE is now seen to be an isosceles right triangle it follows
quickly that a leg QFE must have length 20/v/2 or 10v/2.

In AABC, points D, F, and F' are located on BC, AC, and BA respectively, so that AD,
BE, and C'F are concurrent at point P, the area of ABPD is 190, the area of ADPC is 380,
and the area of ACPFE is 418. Then the area of AAPE is

(A) 121 (B) 143 (C) 242 (D) 319  (E) 330

Solution: (C) Use the method of points masses (barycentric coordinates). Let x be the
area of AAPE. Place a mass of 418/x at A, a mass of 2 at B and a mass of 1 at C. So
masses B and C' balance at D, masses A and C' at E and masses A and B at F. This put
masses of 3 at D, 1 +418/z at F, and 2+418/x at F. Let y be the area of AAPF and z the
area of ABPF'. Since point masses C' and F' balance at P we have z/570 = 1/(2 4 418/x) so
z = 570/(2 4 418/x). Similarly since A and B balance at F, y/z = 2/(418/z) = x/209. By
substitution y = 570x/(209(2 + 418/z)). Since masses at B and C' balance at D we obtain

5700 570
200(2 + 418/z) | 2+ 418/x

2(190+ )::c+380+418

which simplifies to the quadratic equation 3822 — 12542 — 1921964 = 0. The quadratic factors
as (x — 242)(38z + 7942) = 0. Thus x = 242 is the required area.
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SPRING 2010 McNaABB GDCTM CONTEST
LEVEL III SOLUTIONS

. Amy is in a line of 40 people at the movies. Ahead of her stand 12 people. How many stand
behind her?

(A) 13 (B) 27 (C) 28 (D) 29 (E) 39
Solution: (B). Don’t forget to count Amy herself. So 12 + 1 + 27 = 40.

. Abigail, Brice, and Carl all start out with some one-dollar bills in their pockets. In particular,
Carl starts out with 4 one-dollar bills. Brice then gives half of his dollar bills to Abigail and
the other half to Carl. Then Abigail gives half of her bills to Brice and the other half to Carl.
Finally, Carl gives half of his bills to Abigail and keeps the rest. If now, at the end of these
exchanges, Abigail, Brice, and Carl all have 8 one-dollar bills, how many such bills did Abigail
have to begin with?

(A)8 (B)9 (C)10 (D)1l  (E)12

Solution: (E) Work backwards. Just before the last exchange Abigail has zero dollar bills
(because she has just given away all of her bills), Brice eight, and Carl sixteen. So working
back one more exchange, Abigail would have 16 bills, Brice zero, and Carl eight. Since Carl
started with four he must gain four on the first exchange, meaning that Abigail also gained
four bills on the first exchange, implying she started with 12 bills.

. Let a, b, ¢, and d be positive real numbers such that abc = 12, bed = 6, acd = 125, and
abd = 3. Then abcd equals

(A) 12 (B) 15 (C) 30 (D) 45 (E) 60

Solution: (C) Multiply all the equations together and take the cube root of both sides.
. Let f(z) be a linear function for which f(8) — f(1) = 11. Then f(41) — f(6) equals

(A) 37 (B) 43 (C) 49 (D) 55 (E) 61

Solution: (D) From the first equation the slope of the line must be 11/7. Therefore
f(41) — f(6) = (11/7)(41 —6) = (11/7)35 = 11 - 5 = 55.

. Three pomegranates and one pineapple weigh as much as sixteen plums. Four plums and one
pomegranate weight as much as one pineapple. How many pomegranates weigh as much as 3
pineapples?

(A)5 (B) 6 (C) 7 (D)9 (E) 11
Solution: (C) Let the plums be numeraire, that is, assign plum equal to one. Let a
pomegranate weigh z and a pineapple weigh y. Solve the system 3x + vy = 16, 4 + x = y, for

example, by substitution. We get 3x +4+ x = 16 or x = 3. Then y = 7. So three pineapples
weigh 21 and it takes 7 pomegranates to weigh as much.
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If p and ¢ are integers and
P1ogye 5 + qlogyyy 2 = 3

then determine the value of p + q.
(A) 10 (B) 12 (C) 15 (D) 18 (E) 20

Solution: (C) The left hand side of the given equation can be written as logyy,(57-27) while
the right hand side can be written logy, 2003. It follows from this that 57 - 24 = 2003 = 55 . 29
sop=6and¢=9. Andp+qg=6+9=15.

For z = a + bi a complex number, it’s conjugate is Z = a — bi. Let S denote the set of all
complex numbers z so that the real part of 1/Z equals one. Then set S is

(A) a line (B) a circle (C) a parabola

(D) the empty set (E) an hyperbola

Solution: (B) With notation as in the problem, 1/z = z/(2z) = (a+bi)/(a® +?). Setting
the real part of this equal to 1 we obtain a/(a*+0%) = 1 or a’?—a+b* = 0 or (a—1/2)?+b* = 1/4,
a circle.

If a is a multiple of 14 and b is a multiple of 21, then what is the largest integer that must be
a factor of any integer of the form 9a + 8b7

(A)s4 (B)42  (C)21 (D)4 (E)S

Solution: (B) The greatest common factor of 14 and 21 is 7. So 9a + 8b is certainly
divisible by 7. With 9 being divisible by 3 and 21 being divisible by 3 then 9a + 8b is also
divisible by 3. And since a is divisible by 2 and 8 is divisible by 2, then 9a + 8b is divisible by
2. We can be certain of no further divisibilities, the answer is 7 -3 - 2 or 42.

How many lines of symmetry does a cube have?
(A) 4 B) 7 (C) 10 (D) 12 (E) 13

Solution: (E) There are three such lines joining the centers of opposite faces, four joining
opposite vertices, and six joining the midpoints of opposite edges.

The parabola y = az? + bx + ¢ passes through the points (-2, 3), (2,—1), and (6,12). The
value of the coefficient a equals

(A)1/4  (B)3/16  (C)5/16 (D) 17/32  (E)1/2

Solution: (D) Note that we can write y = ki (2+2)(x—2)+ka(x—2)(2—6)+k3(x+2)(z—6)
and solve for the values of k;. We obtain ky = 3/8, ks = 3/32 and k3 = 1/16. Thus
a:k1+k2+k3: 17/32

The centroid of a triangle is the point of concurrence of its medians. In the x — y plane point
A has coordinates (0,0), point B has coordinates (5, 15), and point C' has coordinates (13,9).
The line p passes through the point B and the centroid of AABC. Another point on line p is
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(A) (6,9)  (B) (12,-2) (©) (7,1) (D) (0,43) (E) (=4, —4)

Solution: (C) The coordinates of the centroid are the arithmetical average (mean) of the
coordinates of the three vertices. So G = ((0+5+13)/3,(0+ 154 9)) = (6,8). So the line p
has slope —7 and equation 7z + y = 50. Then (7, 1) lies on line p while the others do not.

If sinx + cosx = a, then sin 2x equals
(A) 2a (B) a®* -1 (C)1—a? (D) a*+1 (E) (a—1)?

Solution: (B) Square both sides and use the Pythagorean identity and the double angle
identity for sine.

In throwing four fair cubical dice, what is the probability of obtaining two distinct doubles?
5 7 1 5 3
A) — B) — — D) — E) -
(A) = B) 5z (O D) 16 (E)

Solution: (A) There are (g) ways of choosing which 2 numbers will appear as doubles,

then (;‘) ways of choosing which dice get which of those numbers. Multiply theses quantities,

then divide by 6* to find the probability.

r+Va2+8

The function f(z) = s has domain (—o0, c0) and on this domain is invertible. It’s

inverse function has the form f~!(z) = az 4+ — for some constants a and b. What is the value
x
of a + b7

(A)-1 (B)O (C) 1 (D) 2 (E) 3

Solution: (A) Note that the value of f~!(1) is the same as a + b. Since f(—1) = 1, then
ff1)=—-1=a+b.

xt 41
2

1
If x + — = 3 then what is the value of ?
T

T

(A)4  (B)S (C) 6 (D) 7 (E) 8
Solution: (D) Square both sides of the first equation yielding 2% +2 + 1/2% = 9 or 2% +

4
1
a2 =9—2=7="""

T

A 4 inch by 4 inch square board is subdivided into sixteen 1 inch by linch squares in the usual
way. Four of the smaller squares are to be painted white, four black, four red, and four blue.
In how many different ways can this be done if each row and each column of smaller squares
must have one square of each color in it? (The board is nailed down: it can not be rotated or
flipped).

(A)576  (B)864  (C) 1152 (D) 1200  (E) 1600

Solution: (A) Let (i,7) stand for the small square in the ith row and jth column. There
are 4! or 24 ways to color the first row. There are 3 ways to select the color for (2,1). Withoug
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loss of generality we can assume that the color that went in (2,1) is the same as the color
that went in (1,4). There arise two cases depending on the color for (2,4).

Case L. Color (2,4) the same as (1,1). Then the colors for the remaining squares of row 2 are
determined. For coloring (3, 1) and (3, 2) there are 2 ways. This choice forces the color choices
in the remaining squares of column 4. Likewise there are two choices for the last 2 squares
of column 2, which force the choices for the last two squares of column three. Counting the
previous choices Case I gives 4! -3 -2 -2 or 288 choices.

Case II. Color (2,4) the same as either (1,2) or (2,2). This gives 2 choices and forces the
colors for the remaining squares of row 2. For the last two squares of the first column there
are 2 choices. One can check that this last choice forces the remaining 6 squares. So Case
IT gives altogether 288 choices as well, though it does not seem obvious why this should be
so. I would be interested in an argument of why it must be so if it must be so. (What would
happen if it where a 5 by 5 square with 5 colors? Is it also the square of 5!77)

Adding our two disjoint cases together we obtain 288 + 288 or 576 = 242.

A semicircle lies in AEFG with diameter contained in FG, and with EF and GF both
tangent to it. If EF = 12, FG = 15, and EG = 18, what is the value of EC' where C' is the
center of the semicircle?

(A6  (B)65 (C) 7 (D) 7.5 (E) 8

Solution: (E) Note that FC is an angle bisector of /EFG. Let ¥ = EC with then
GC = 18 — z. By the Angle Bisector Theorem, x/12 = (18 — x)/15, showing that = = 8 is
correct.

A cubic polynomial P(z) satisfies P(1) = 1, P(2) = 3, P(3) = 5, and P(4) = 6. Then the
value P(7) must equal

(A)10 (B)7 (C)o (D)3 (E)-7

Solution: (E) Note that the first three values of P listed in the problem are in arithemetic
progression. This means they follow a linear function, in fact 2x — 1. So let’s take away this
to arrive at a nicer polynomial Q(z) by letting Q(x) = P(x) — (2 —1). Thus Q(1) = Q(2) =
Q(3) =0 and Q(4) = —1. The cubic polynomial Q(z) has roots of 1,2 and 3 so by the Factor
Theorem must be of the form Q(z) = a(z — 1)(x — 2)(x — 3) for some constant a. From
Q(4) = —1 follows a = —1/6. Now we have P(z) = (—1/6)(z —1)(z —2)(z —3) + 2z — 1 and
P(7) = (—1/6)(6)(5)(4) + 14 — 1 = —T.

Hezy tosses a fair cubical die until each number 1 through 6 has come up at least once. On
average, Hezy requires X tosses to do this. The real number X is closest to

(A) 128  (B) 14.7 (C) 16.3 (D) 172  (E) 195

Solution: (B) Let the die be thrown n times. By the Principle of Inclusion/Exclusion
there are
6" —6-5"4+15-4"—-20-3"+15-2"—-6-1"
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ways in which none of the six values will be missing. Thus the probability f, of failing to
reach the goal after n tosses is

f :1_(6”_6-5n_|_15.4n_20.371_’_15'2”_6'1n)
n 6n

o) (0 () ()

The expected number of tosses is 1 + f1 + fo+ fs+ -+ fn + - - - Summing these five infinite
geometric series and adding one does give the expected number of tosses as 14.7.

In AABC, points D, E, and F' are located on BC', AC, and BA respectively, so that AD,
BE, and C'F are concurrent at point P, the area of ABPD is 190, the area of ADPC'is 380,
and the area of ACPFE is 418. Then the area of AAPE is

(A)121  (B) 143 (C) 242 (D) 319 (E) 330

Solution: (C) Use the method of points masses (barycentric coordinates). Let x be the
area of AAPE. Place a mass of 418/x at A, a mass of 2 at B and a mass of 1 at C. So
masses B and C' balance at D, masses A and C at F and mas